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Abstract
A class of r -regular multiwavelets is introduced with appropriate notation and definitions in HωW (R
n). The oscillation properity
of the orthonormal system is obtained. A multiresolution analysis for multiwavelets is defined in HωW (R
n). Orthonormality
conditions for multiscaling functions and multiwavelets are obtained. A multiwavelet expansion formula of Riesz potentials is
given.
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1. Introduction
Usually wavelets are generated by a scaling function φ, which is a solution of the dilation equation φ(t) =∑∞
k=−∞ ckφ(2t − 1), in which the coefficients come from a low pass filter. When these coefficients are matrices,
there are two or more scaling functions and wavelets. Thus multiwavelets are generated by many scaling functions,
which is an advantage. It is believed that multiwavelets are ideally suited for multichannel signals like colour images,
which are two-dimensional three channel signals and stereo audio signals which are one-dimensional two channel
signals.
Many papers deal with multiwavelets and various constructions of multiwavelets are already known. For example,
Alpert [1] generalized the Haar system to one-dimensional non-regular multiwavelets in L2(R) having vanishing
moments, and produced an example of such a multiwavelet. In [2], Strang and Strela constructed a pair of real valued
one-dimensional symmetric multiwavelets with short support; in [3], they constructed a non-symmetric pair: these
two cases are in L2(R).
Assuming many vanishing moments of the scaling functions, Ashino and Kametani [4] introduced r -regular
multiwavelets in Rn and proved a general existence theorem. Plonka [5], Cohen, Daubechies and Plonka [6], Plonka
and Strela [7], Shen [8], Strela [9] and many others have obtained important results on the existence, regularity,
orthogonality and symmetry of multiwavelets.
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Walter [10] and Bastin and Laubin [11] have studied wavelets on the Sobolev space H s(R), s ∈ R. Recently,
Pathak [12] constructed wavelets in the generalized Sobolev space HωW (R
n). In this paper, we obtain certain results in
the generalized Sobolev space HωW (R
n) analogous to those of Ashino and Kametani [4] for multiwavelets in L2(Rn).
In Section 2, we give some notation and definitions of multi-dimensional multiwavelets. The generalized Sobolev
space HωW (R
n) and associated multiresolution analysis are also defined. We prove a theorem on vanishing moments
of wavelet functions ψ , ψ˜ ∈ HωW (Rn). In Section 3, some basic properties of multiscaling functions in HωW (Rn) are
obtained. In Section 4, an orthonormality condition for multiwavelets Ψl corresponding to a weight function W (ξ)
is studied, and a general existence theorem of orthonormal multiwavelets in HωW (R
n) is obtained. In Section 5, a
multiwavelet expansion formula of Riesz potentials is given as an application of an orthonormal multiwavelet basis in
HωW (R
n).
Since wavelets are solutions of multiscale equations, they can hardly be studied as mathematical objects and in
their applications without computers. This paper is no exception. We make effective use ofMathematica.
2. Notation and definitions
Let us recall the definition of a generalized Sobolev space [12] and the notation introduced in [13].
A function f (x) and its Fourier transform F[ f ](ξ) or fˆ (ξ) are related by the formulae:
fˆ (ξ) = F[ f ](ξ) =
∫
Rn
e−ixξ f (x) dx,
f (x) = F−1[ fˆ ](x) = (2pi)−n
∫
Rn
eixξ fˆ (ξ) dξ.
(1)
Denote by N0 the set of natural numbers including zero. For l ∈ N0, let
Bl(Rn) =
 f (x) ∈ C l(Rn) : supx∈Rn
|α|≤l
∣∣∣eλω(x)∂αx f (x)∣∣∣ <∞
 , (2)
where ω(ξ) = σ(|ξ |) is a real valued, continuous, increasing and concave function on Rn such that
0 ≤ ω(ξ + η) ≤ ω(ξ)+ ω(η), (3)∫ ∞
0
σ(t)
1+ t2 dt <∞, (4)
ω(ξ) ≥ a + b log(1+ |ξ |), (5)
for some real number a and a positive real number b.
We recall the definition of the Bjo¨rck’s test function spaceDω. The spaceDω consists of all φ ∈ L1(Rn) such that
φ has compact support and
‖φ‖λ =
∫
Rn
|φˆ(ξ)|eλω(ξ) dξ <∞, ∀ λ > 0. (6)
For ω(x) = log(1+ |x |), Dω = D, the Schwartz space of test functions.
The space Sω(Rn) is defined to be the set of all complex valued C∞-functions φ on Rn such that the following
conditions hold:
‖φ‖τ,α = sup
x∈Rn
|eτω(x)∂αx φ(x)| <∞, ∀α ∈ Nn0, ∀τ > 0 (7)
and
‖φˆ‖µ,α = sup
ξ∈Rn
|eµω(ξ)∂αξ φˆ(ξ)| <∞, ∀α ∈ Nn0, ∀µ > 0. (8)
Note that Dω ⊂ Sω. It has been proved in [14] that F[Sω] = Sω. The dual of Sω is denoted by S′ω, whose elements
are called ultradistributions and we also have a similar result for the generalized Fourier transform, F[S′ω] = S′ω. We
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may refer to [14] for various properities of these spaces. For ω(x) = log(1 + |x |), Sω(Rn) = S(Rn), the Schwartz
space [15]; and for ω(x) = e|x |d , 0 < d < 1, Sω(Rn) = Sd(Rn), the Gevrey sequence space [16].
Now, let W be a continuous, almost everywhere positive function on Rn with the following properties: there exists
λ > 0 and C , D, E > 0 such that, for all ξ , η ∈ Rn , t ∈ R and |t | ≤ 1,
W (ξ) ≤ Ceλω(ξ), (9)
W (ξ + η) ≤ D(W (ξ)+W (η)); W (tξ) ≤ EW (ξ). (10)
Then, the generalized Sobolev space HωW (R
n) is defined to be the space of all ultradistributions f ∈ S′ω, such that∫
Rn
∣∣∣ fˆ (u)∣∣∣2 W (u) du <∞. (11)
The inner product on HωW (R
n) is defined by
〈 f, g〉W = (2pi)−n
∫
Rn
fˆ (u)gˆ(u)W (u) du, (12)
and the norm on HωW (R
n) is defined by ‖ f ‖W = √〈 f, f 〉W . WhenW (u) = (1+|u|2)s , HωW (Rn) = H s(Rn) (Sobolev
space) and for W (u) = esω(u), HωW (Rn) = H sω(Rn) (Pahk and Kang space [17]). Following standard methods [14], it
can be proved that Dω(Rn) is dense in HωW (R
n). Using (7)–(9), we can prove that Sω(Rn) ⊆ HωW (Rn).
Notation 1. The following notation will be used:
• The superscripts T for “transpose” and ∗ for “conjugate transpose” are used.
• L2(Tn)d = (L2(Tn), . . . , L2(Tn))T.
• HωW (Rn)d =
(
HωW (R
n), . . . , HωW (R
n)
)T.
• f j,k(x) is a scaled and shifted function,
f j,k(x) = 2nj/2 f (2 j x − k), j ∈ Z, k ∈ Zn .
• F j,k is a d-dimensional column vector of scaled and shifted functions:
F j,k =
(
( f1) j,k, . . . ( fd) j,k
)T
, j ∈ Z, k ∈ Zn,
F = ( f1, . . . fd)T ∈ HωW (Rn)d .
• The Fourier transform of a column vector valued function F(x) = ( f1(x), . . . , fd(x))T is denoted by Fˆ(ξ) =
( fˆ1(ξ), . . . , fˆd(ξ))T.
• R = {0, 1}n is the set of 2n vertices of the n-dimensional unit cube.
• E = R \ {(0, . . . 0)} is the set of vertices of R less the origin.
• D = {1, . . . d} for a positive integer d .
• N0 = {0, 1, . . .} is the set of natural numbers including zero.
• T = R/2piZ ' [0, 2pi ] is the one-dimensional torus.
• 2T = R/piZ ' [0, pi].
• α = (α1, α2, . . . , αn), α j ∈ N0, is a multi-index of non-negative integers.
• |α| = α1 + α2 + · · · + αn .
• ∂αx = ∂α1x1 ∂α2x2 · · · ∂αnxn .• m(ξ), with ξ ∈ Rn , is 2piZn periodic if it is 2pi periodic in each ξ j , j = 1, 2, . . . n, that is, m(ξ) is a function
defined on the n-dimensional torus Tn .
• U (n), n ∈ N0 \ {0}, is the unitary group of order n, that is, the group of n × n unitary matrices.
Definition 1. The family {Ψ}∈E is called a family of 2n − 1 multiwavelets, where Ψ = (ψ1, . . . , ψd)T ∈
HωW (R
n)d , if
{(ψδ) jk(x) = 2nj/2ψδ(2 j x − k)}∈E,δ∈D, j∈Z,k∈Zn
is an orthonormal basis of HωW (R
n). The functions (ψδ) jk are called multiwavelets.
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Definition 2 (Regularity). A function f ∈ Sω(Rn) is said to be r -regular if it satisfies the following conditions:
(i) Both ∂αx f (x) and ∂
α
ξ fˆ (ξ) belong to L
∞(Rn) for |α| ≤ r .
(ii) For every pair of positive numbers M , N there exist positive constants CN , CM such that
| f (α)(x)| ≤ CN e−Nω(x), ∀ |α| ≤ r,
| fˆ (α)(ξ)| ≤ CMe−Mω(ξ), ∀ |α| ≤ r.
A function f is said to be regular if r = 0.
Definition 3. A family of multiwavelets {Ψ}∈E is said to be r -regular if it satisfies Definition 2 for each  ∈ E ,
δ ∈ D.
Definition 4. An increasing sequence {V j } j∈Z of closed subspaces of HωW (Rn),
· · · ⊂ V−2 ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ V2 ⊂ · · ·
is called a multiresolution analysis (MRA) of multiwavelets if it satisfies the following properties:
(a) ∩ j∈Z V j = {0} and ∪ j∈Z V j is dense in HωW (Rn);
(b) f (x) ∈ V j if and only if f (2x) ∈ V j+1;
(c) f (x) ∈ V0 if and only if f (x − k) ∈ V0 for every k ∈ Zn ;
(d) there exists a vector valued function Φ(x) = (φ1(x), . . . , φd(x))T ∈ HωW (Rn)d such that {φδ(x − k)}δ∈D,k∈Zn
forms an orthonormal basis of V0. The vector valued function Φ is called the multiscaling function of the MRA.
Definition 5. An MRA {V j } j∈Z is said to be regular (or r -regular) if the multiscaling function Φ(x) ∈ HωW (Rn)d
appearing in part (d) of Definition 4 is regular (or r -regular).
Denote by L1(Rn, dµ) the set of all Lebesgue measurable functions on Rn with measure dµ. We now prove a
theorem on vanishing moments of wavelet functions ψ , ψ˜ ∈ HωW (Rn).
Theorem 1. Let l ∈ N0 and W (0) 6= 0. Suppose ψ and ψ˜ are two functions in HωW (Rn) ∩ L1(Rn) such that〈
ψ j,0, ψ˜ j ′,0
〉
W
= δ j j ′ , (13)
with ψˆ , ˆ˜ψ ∈ L1(Rn) ∩ L1(Rn, dµ), where dµ(ξ) = W (ξ) dξ . Then,
ψ˜(0) 6= 0 implies
∫
Rn
ψ(x) dx = 0, (14)
and
ψ(0) 6= 0 implies
∫
Rn
ψ˜(x) dx = 0. (15)
Proof. Note that if f ∈ L1(Rn), then fˆ ∈ C0(Rn) and fˆ (ξ)→ 0 as |ξ | → ∞. Since ψ , ψ˜ , ψˆ , ˆ˜ψ ∈ L1(Rn), all the
integrals:∫
Rn
ψ(x) dx,
∫
Rn
ψ˜(x) dx,
∫
Rn
ψˆ(ξ) dξ,
∫
Rn
ˆ˜
ψ(ξ) dξ,
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are absolutely convergent and ψ , ψ˜ , ψˆ , ˆ˜ψ are bounded continuous on Rn . Hence, ψ(0), ψ˜(0), ψˆ(0), ˆ˜ψ(0) are well-
defined. By (13), for j 6= 0, we have
0 = 〈ψ, ψ˜ j,0〉W
= (2pi)−n
∫
Rn
ψˆ(ξ)
̂˜
ψ j,0(ξ)W (ξ) dξ
= (2pi)−n 2−nj/2
∫
Rn
ψˆ(ξ)
ˆ˜
ψ(2− jξ)W (ξ) dξ
= (2pi)−n 2nj/2
∫
Rn
ψˆ(2 jη) ˆ˜ψ(η)W (2 jη) dη.
Replace η and j by ξ and − j , respectively. Then, we have∫
Rn
ψˆ(ξ/2 j ) ˆ˜ψ(ξ)W (ξ/2 j ) dξ = 0. (16)
By the second inequality of (10), we have
| ˆ˜ψ(ξ)W (ξ/2 j )| ≤ E | ˆ˜ψ(ξ)|W (ξ), (17)
for j ≥ 1. By the assumption ˆ˜ψ ∈ L1(Rn, dµ), the right-hand side of (17) is Lebesgue integrable function on Rn with
the Lebesgue measure dξ . Since ψˆ is bounded continuous on Rn , we can apply Lebesgue’s dominated convergence
theorem to the left-hand side of (16). Then, we have
lim
j→∞
∫
Rn
ψˆ(ξ/2 j ) ˆ˜ψ(ξ)W (ξ/2 j ) dξ = ψˆ(0)W (0)
∫
Rn
ˆ˜
ψ(ξ) dξ = 0,
which implies (14), because
ψˆ(0) =
∫
Rn
ψ(x) dx, ψ˜(0) = (2pi)−n
∫
Rn
ˆ˜
ψ(ξ) dξ.
Exchanging the roles of ψ and ψ˜ , we have (15). 
3. Basic properties of multiscaling functions in HωW (R
n)
Proposition 1. Let an MRA {V j } j∈Z of HωW (Rn) with multiscaling function Φ(x) = (φ1(x), . . . , φd(x))T ∈ (V0)d
and d ∈ D be given. Then there exists a d × d, L2(Tn)-valued matrix
M0(ξ) =
(
(m0)(d ′,d ′′)(ξ); d ′ ↓ 1, . . . , d, d ′′ → 1, . . . , d
)
= ((m0)(d ′,d ′′)(ξ))(d ′,d ′′)∈D×D ∈ Mat (d × d; L2(Tn)) (18)
such that
Φˆ(2ξ) = M0(ξ)Φˆ(ξ). (19)
Proof. By property (b) of Definition 4, we have the inclusions φd ′′(2−1x) ∈ V−1 ⊂ V0, d ′′ ∈ D. Then φd ′′(2−1x) can
be expanded in terms of the basis {φd ′(x − k)}d ′∈D,k∈Zn of V0,
φd ′′(2
−1x) =
∑
d ′∈D
∑
k∈Zn
βd ′′d ′kφd ′(x − k), (20)
where the coefficients βd ′′d ′k are defined by the scalar product
βd ′′d ′k =
〈
φd ′′(2
−1x), φd ′(x − k)
〉
W
(21)
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and the sequence {βd ′′d ′k}k∈Zn belongs to `2(Zn). Taking the Fourier transform of (20), we get
2nφˆd ′′(2ξ) =
∑
d ′∈D
∑
k∈Zn
βd ′′d ′k φˆd ′(ξ)e
−ikξ
= 1
2n
∑
d ′∈D
∑
k∈Zn
βd ′′d ′ke
−ikξ φˆd ′(ξ). (22)
If we set
(m0)(d ′,d ′′)(ξ) = 12n
∑
k∈Zn
βd ′′d ′ke
−ikξ , (d ′, d ′′) ∈ D × D, (23)
then
φˆd ′′(2ξ) =
∑
d ′∈D
(m0)(d ′,d ′′)(ξ)φˆd ′(ξ)
= (m0)(1,d ′′)(ξ)φˆ1(ξ)+ · · · + (m0)(d,d ′′)(ξ)φˆd(ξ),
for each d ′′ ∈ D. Hence in matrix form, we getφˆ1(2ξ)...
φˆd(2ξ)
 =

(m0)(1,1)(ξ) (m0)(1,2)(ξ) . . . (m0)(1,d)(ξ)
(m0)(2,1)(ξ) (m0)(2,2)(ξ) . . . (m0)(2,d)(ξ)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(m0)(d,1)(ξ) (m0)(d,2)(ξ) . . . (m0)(d,d)(ξ)

φˆ1(ξ)...
φˆd(ξ)

Φˆ(2ξ) = M0(ξ)Φˆ(ξ). 
Proposition 2. Let an MRA {V j } j∈Z of HωW (Rn) with multiscaling function Φ(x) = (φ1(x), . . . , φd(x))T ∈ (V0)d ,
d ∈ D, be given. Then the sequence {φδ(x − k)}δ∈D,k∈Zn forms an orthonormal system in HωW (Rn) if and only if∑
k∈Zn
Φˆ(ξ + 2kpi)Φˆ∗(ξ + 2kpi)W (ξ + 2kpi) = Id , a.e. ξ, (24)
where Id is the d × d identity matrix.
Proof. Suppose
G(d ′,d ′′)(ξ) =
∑
k∈Zn
φˆd ′(ξ + 2kpi)φˆd ′′(ξ + 2kpi)W (ξ + 2kpi).
Clearly, G(d ′,d ′′)(ξ) ∈ L1(Tn), since
∥∥G(d ′,d ′′)(ξ)∥∥L1(Tn) = ∫Tn
∣∣∣∣∣∑
k∈Zn
φˆd ′(ξ + 2kpi)φˆd ′′(ξ + 2kpi)W (ξ + 2kpi)
∣∣∣∣∣ dξ
≤
∫
Tn
∑
k∈Zn
W (ξ + 2kpi)
∣∣∣φˆd ′(ξ + 2kpi)φˆd ′′(ξ + 2kpi)∣∣∣ dξ
=
∫
Rn
W (ξ)
∣∣∣φˆd ′(ξ)φˆd ′′(ξ)∣∣∣ dξ
< ∞.
Since G(d ′,d ′′)(ξ) ∈ L1(Tn), then its Fourier series in the sense of distributions in D′ω(Tn) is
G(d ′,d ′′)(ξ) =
∑
p∈Zn
Gˆ(d ′,d ′′)(p)e
ipξ ,
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where
Gˆ(d ′,d ′′)(p) = (2pi)−n
∫
Tn
e−ipξG(d ′,d ′′)(ξ) dξ
=
∫
Tn
e−ipξG(d ′,d ′′)(ξ) dµ(ξ),
dµ(ξ) = (2pi)−n dξ.
On the other hand, the orthonormality of {φδ(x − k)}δ∈D,k∈Zn is equivalent to
δp,0δd ′,d ′′ = 〈φd ′(x − p), φd ′′(x)〉W
= (2pi)−n
∫
Rn
e−ipξ φˆd ′(ξ)φˆd ′′(ξ)W (ξ) dξ
=
∫
Tn
e−ipξ
∑
k∈Zn
W (ξ + 2kpi)φˆd ′(ξ + 2kpi)φˆd ′′(ξ + 2kpi) dµ(ξ)
=
∫
Tn
e−ipξG(d ′,d ′′)(ξ) dµ(ξ)
= Gˆ(d ′,d ′′)(p), p ∈ Zn,
which, in turn, is equivalent to
G(d ′,d ′′)(ξ) =
∑
p∈Zn
δp,0δd ′,d ′′e
ipξ
= δd ′,d ′′ .
Hence, equality (24) follows. 
Denote by χI the characteristic function of the interval I ⊂ R.
Example 1. Let the multiscaling function Φ = [φ1, φ2]T be defined by its Fourier transform as follows:
φˆ1(ξ) = χ(−2pi,0)(ξ)/
√
W (ξ),
φˆ2(ξ) = χ(0,2pi)(ξ)/
√
W (ξ).
Then {Φ(x − k) : k ∈ Z} is orthonormal in HωW (R).
Let us prove this statement. Put dµ(ξ) = (2pi)−1dξ . Clearly, φ1, φ2 belong to HωW (R). The multiscaling function
Φ(x) will be orthonormal in HωW (R) if
〈Φ(x),Φ(x − k)〉W = δ0,k Id ,
where k ∈ Z and Id is the identity matrix. Equivalently,∫
R
W (ξ)Φˆ(ξ)[e−ikξ Φˆ(ξ)]∗ dµ(ξ) = δ0,k Id;
so that∫
R
W (ξ)
[
φˆ1(ξ)
φˆ2(ξ)
] [
φˆ1(ξ), φˆ2(ξ)
]
eikξ dµ(ξ) = δ0,k Id .
Or, 
∫
R
|φˆ1(ξ)|2eikξW (ξ) dµ(ξ)
∫
R
φˆ1(ξ)φˆ2(ξ)eikξW (ξ) dµ(ξ)∫
R
φˆ1(ξ)φˆ2(ξ)eikξW (ξ) dµ(ξ)
∫
R
|φˆ2(ξ)|2eikξW (ξ) dµ(ξ)
 = [δ0,k 00 δ0,k
]
.
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Now, we have∫
R
|φˆ1(ξ)|2eikξW (ξ) dµ(ξ) =
∫ 0
−2pi
eikξ dµ(ξ) = δ0,k,∫
R
|φˆ2(ξ)|2eikξW (ξ) dµ(ξ) =
∫ 2pi
0
eikξ dµ(ξ) = δ0,k .
Since supp φˆ1 ∩ supp φˆ2 = φ, this implies that∫
R
φˆ1(ξ)φˆ2(ξ)eikξW (ξ) dµ(ξ) = 0,∫
R
φˆ1(ξ)φˆ2(ξ)eikξW (ξ) dµ(ξ) = 0,
for any k ∈ Z. Hence, the function Φ(x) verifies Proposition 2 for n = 1. Since
φˆ1(2ξ) = χ(−2pi,0)(2ξ)/
√
W (2ξ) = χ(−pi,0)(ξ)/
(
2λ/2
√
W (ξ)
)
= 2−λ/2χ(−pi,0)(ξ)χ(−2pi,0)(ξ)/
√
W (ξ) = 2−λ/2χ(−pi,0)(ξ)φˆ1(ξ),
then we have (m0)(1,1)(ξ) = 2−λ/2χ(−pi,0)(ξ) on (−pi, pi). By the same argument, we have φˆ2(2ξ) =
2−λ/2χ(0,pi)(ξ)φˆ2(ξ) and (m0)(2,2)(ξ) = 2−λ/2χ(0,pi)(ξ) on (−pi, pi). Define the 2× 2, L2(T2)-valued matrix
M0(ξ) =
[
(m0)(1,1)(ξ) (m0)(1,2)(ξ)
(m0)(2,1)(ξ) (m0)(2,2)(ξ)
]
by the 2pi -periodic extension of[
2−λ/2χ(−pi,0)(ξ) 0
0 2−λ/2χ(0,pi)(ξ)
]
.
Then, we have Φ̂(2ξ) = M0(ξ)Φ(ξ). 
In the following sections, we assume that the weight functionW is a homogeneous function of order λ ∈ R; that is,
W (rξ) = rλW (ξ) for all r > 0 and ξ ∈ Rn \ {0}, instead of the second inequality in (10). The following proposition
holds for such types of weight functions.
Proposition 3. The matrix M0, defined by (18) satisfies∑
η∈R
M0(ξ + piη)M∗0 (ξ + piη) = 2−λ Id . (25)
Proof. By Proposition 2, we have∑
k∈Zn
Φˆ(ξ + 2kpi)Φˆ∗(ξ + 2kpi)W (ξ + 2kpi) = Id , a.e. ξ
and by Proposition 1, we have
Φˆ(2ξ + 2kpi) = M0(ξ + kpi)Φˆ(ξ + kpi).
Since Zn = 2Zn + R and M0 is 2piZn periodic, we get
Id =
∑
k∈Zn
Φˆ(2ξ + 2kpi)Φˆ∗(2ξ + 2kpi)W (2ξ + 2kpi)
=
∑
k∈Zn
M0(ξ + kpi)Φˆ(ξ + kpi)
(
M0(ξ + kpi)Φˆ(ξ + kpi)
)∗
W (2ξ + 2kpi).
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Putting k = 2l + η, l ∈ Zn , η ∈ R, we get
Id =
∑
l∈Zn
∑
η∈R
M0(ξ + 2lpi + ηpi)M∗0 (ξ + 2lpi + ηpi)Φˆ(ξ + 2lpi + ηpi)
× Φˆ∗(ξ + 2lpi + ηpi)W (2(ξ + 2lpi + ηpi))
=
∑
η∈R
M0(ξ + ηpi)M∗0 (ξ + ηpi)
∑
l∈Zn
Φˆ(ξ + 2lpi + ηpi)Φˆ∗(ξ + 2lpi + ηpi)W (2(ξ + 2lpi + ηpi))
=
∑
η∈R
M0(ξ + ηpi)M∗0 (ξ + ηpi)2λ
∑
l∈Zn
Φˆ(ξ + 2lpi + ηpi)Φˆ∗(ξ + 2lpi + ηpi)W (ξ + 2lpi + ηpi)
=
∑
η∈R
M0(ξ + ηpi)M∗0 (ξ + ηpi)2λ Id .
Hence∑
η∈R
M0(ξ + piη)M∗0 (ξ + piη) = 2−λ Id . 
Denote by (L2(Tn)d)T = (L2(Tn), . . . , L2(Tn)) the d-fold product of the Hilbert space L2(Tn) in row form, with
the inner product
〈. , .〉
(L2(Tn)d)T = 〈. , .〉L2(Tn) + · · · + 〈. , .〉L2(Tn).
Similarly, the d-fold product of the Hilbert space `2(Zn) in row form is denoted by (`2(Zn)d)T.
Let {φδ(x − k)}δ∈D,k∈Zn be an orthonormal basis of V0. Then there exists an isomorphism U : V0 → (`2(Zn)d)T
defined by
U ( f ) = ((α f δk)k∈Zn )δ∈D (26)
for f ∈ V0 and ((α f δk)k∈Zn )δ∈D ∈ (`2(Zn)d)T. Also,
f (x) =
∑
δ∈D
∑
k∈Zn
α f δkφδ(x − k), (27)
where
α f δk = 〈 f (x), φδ(x − k)〉W .
For f ∈ V0 and U ( f ) = ((α f δk)k∈Zn )δ∈D given by (26) and (27), set
m( f ) = (m( f )δ)δ∈D, (28)
where
m( f )δ(ξ) =
∑
k∈Zn
α f δke−ikξ . (29)
Taking the Fourier transforms of (27), we get
fˆ (ξ) = m( f )Φˆ(ξ), (30)
where m( f ) is 2piZn periodic and belongs to (L2(Tn)d)T.
Proposition 4. Let f , g ∈ V0. Then
〈 f, g〉W = 〈m( f ),m(g)〉(L2(Tn ,dµ(ξ))d)T , (31)
where dµ(ξ) = (2pi)−n dξ .
Proof. Since f , g ∈ V0, we have
fˆ (ξ) = m( f )Φˆ(ξ), gˆ(ξ) = m(g)Φˆ(ξ),
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where each m( f ) and m(g) is 2piZn periodic and belongs to (L2(Tn)d)T. Now,
〈 f, g〉W = (2pi)−n
∫
Rn
fˆ (ξ)gˆ(ξ)W (ξ) dξ
=
∫
Rn
fˆ (ξ)gˆ(ξ)W (ξ) dµ(ξ)
=
∫
Rn
m( f )Φˆ(ξ)[m(g)Φˆ(ξ)]W (ξ) dµ(ξ)
=
∫
Rn
m( f )Φˆ(ξ)[Φˆ(ξ)]T[m(g)]TW (ξ) dµ(ξ)
=
∫
Rn
m( f )Φˆ(ξ)Φˆ∗(ξ)m∗(g)W (ξ) dµ(ξ)
=
∑
k∈Zn
∫
Tn
m( f )Φˆ(ξ + 2kpi)Φˆ∗(ξ + 2kpi)m∗(g)W (ξ + 2kpi) dµ(ξ)
=
∫
Tn
m( f )
[∑
k∈Zn
Φˆ(ξ + 2kpi)Φˆ∗(ξ + 2kpi)W (ξ + 2kpi)
]
m∗(g) dµ(ξ)
=
∫
Tn
m( f )m∗(g) dµ(ξ)
= 〈m( f ),m(g)〉
(L2(Tn ,dµ(ξ))d)T . 
Lemma 1. The Fourier transforms of V0 and V−1 satisfy the relations
FV0 =
(
L2(Tn)d
)T
Φ̂(ξ),
FV−1 =
(
L2(2Tn)d
)T
M0(ξ)Φ̂(ξ),
respectively.
Proof. Since the Fourier transformation is a constant multiple of a unitary operator, then f̂ (ξ) = m( f )(ξ)Φ̂(ξ)
defines a natural isomorphism between the Hilbert spaces FV0 and (L2(Tn)d)T:
FV0 3 f̂ 7−→ (m( f )δ)δ∈D ∈
(
L2(Tn)d
)T
.
By Part (b) of Definition 4, f̂ (ξ) ∈ FV0 if and only if f̂ (2ξ) ∈ FV−1. Hence, by (19), we have
f̂ (2ξ) = m( f )(2ξ)Φ̂(2ξ) = m( f )(2ξ)M0(ξ)Φ̂(ξ). 
By Proposition 4 and Lemma 1, we have
FV0 '
(
L2(Tn)d
)T
, FV−1 '
(
L2(Tn)d
)T
M0(ξ).
Denote the orthogonal complement of (L2(Tn)d)TM0(ξ) in (L2(Tn)d)T by
W˜−1 :=
((
L2(Tn)d
)T
M0(ξ)
)⊥
in
(
L2(Tn)d
)T
. (32)
A family of wavelet functions is an orthonormal system for the orthogonal complement, (V−1)⊥, of V−1 in V0; this
subspace is isomorphic to the orthogonal complement, (FV−1)⊥, ofFV−1 inFV0. Moreover, (FV−1)⊥ is isomorphic
to W˜−1 by Proposition 4.
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Lemma 2. The orthogonal complements W˜−1 and (FV−1)⊥ satisfy the following relations:
W˜−1 =
{
l(ξ) ∈
(
L2(Tn)d
)T :∑
η∈R
M0(ξ + piη)l(ξ + piη)∗ ≡ 0
}
, (33)
W˜−1Φ̂(ξ) = (FV−1)⊥ (in FV0). (34)
Proof. Let l(ξ) ∈ W˜−1. Then for every n(ξ) ∈ (L2(Tn)d)T, that is, n(2ξ) ∈ (L2(2Tn)d)T,
(n(2ξ)M0(ξ), l(ξ))(L2(Tn)d)T = 0.
Put ξ = ξ ′ + piη, ξ ∈ Tn , ξ ′ ∈ 2Tn , and η ∈ R. Since Tn = 2Tn + piR, then
0 =
∫
Tn
n(2ξ)M0(ξ)l(ξ)∗ dµ(ξ)
=
∑
η∈R
∫
2Tn
n(2ξ ′ + 2piη)M0(ξ ′ + piη)l(ξ ′ + piη)∗ dµ(ξ ′)
=
∫
2Tn
n(2ξ ′)
∑
η∈R
M0(ξ
′ + piη)l(ξ ′ + piη)∗ dµ(ξ ′).
Since
∑
η∈R M0(ξ ′ + piη)l(ξ ′ + piη)∗ is piZn periodic, and n(2ξ) is an arbitrary function in
(
L2(2Tn)d
)T
, we have∑
η∈R
M0(ξ
′ + piη)l(ξ ′ + piη)∗ ≡ 0
in (L2(2Tn)d)T, that is, for almost all ξ . 
4. Construction of multiwavelets from an MRA in HωW (R
n)
Let us define W j to be the orthogonal complement of V j in V j+1 in the sense of HωW (Rn). It is proved in [12] that
HωW (R
n) =
∞⊕
j=−∞
W j . (35)
Let Jn = {0, 1, . . . , 2n − 1}. Any number l ∈ Jn can be written uniquely, in base two, as
l = cn−1(l)2n−1 + cn−2(l)2n−2 + · · · + c1(l)21 + c0(l),
where each ck(l), k = 0, . . . , n − 1, is either 0 or 1. Write
αn,l = (cn−1(l), cn−2(l), . . . , c1(l), c0(l)) , l ∈ Jn .
Hereafter, we let {αn,l}l∈Jn define the ordering of R. We write Ψ0 := Φ and, for short, Ψαn,l = Ψl =
(
(ψlδ)δ∈D
)T ∈
HωW (R
n)d for l ∈ Jn \ {0}.
Assume that (Ψl) j,k(x) = (((ψlδ) j,k(x))δ∈D)T, k ∈ Zn , constitute an orthonormal basis of W j for each j ∈ Z,
where (ψlδ) j,k(x) = 2nj/2ψlδ(2 j x − k). Since V0 ⊕ W0 = V1, for ψlδ ∈ W0 ⊂ V1, we have ψlδ(x/2) ∈ V0
and
ψlδ(x/2) =
∑
δ′∈D
∑
k∈Zn
αlδδ′kφδ′(x − k), δ, δ′ ∈ D, αlδδ′k ∈ `2(Zn). (36)
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Taking the Fourier transformz of (36) and setting
(mlδ)δ′(ξ) = 2−n
∑
k∈Zn
αlδδ′ke
−ikξ ,
we have
ψˆlδ(2ξ) =
∑
δ′∈D
(mlδ)δ′(ξ)φˆδ′(ξ),
where (mlδ)δ′(ξ) is 2piZn periodic and belongs to L2(Tn) for δ, δ′ ∈ D. Hence we get
Ψˆl(2ξ) = Ml(ξ)Φˆ(ξ), (37)
where Ml(ξ) = ((ml(ξ))(δ,δ′)(ξ))(δ,δ′)∈D×D ∈ Mat(d × d; L2(Tn)).
Let
Ll ′,l ′′(2ξ) =
∑
η∈R
Ml ′(ξ + piη)M∗l ′′(ξ + piη), l ′, l ′′ ∈ Jn,
and
L(ξ) = (Ll ′,l ′′(ξ))(l ′,l ′′)∈Jn×Jn .
It can be easily seen that Ll ′,l ′′(2ξ) is piZn periodic and belongs to Mat(d × d; L1(Tn)), and
L(ξ) ∈ Mat(2n × 2n;Mat(d × d; L1(Tn))) ' Mat(2nd × 2nd; L1(Tn)).
Proposition 5. Let W be a homogeneous weight function of order λ. Then the sequence of multiwavelets
{(Ψl)0,k}l∈Jn ,k∈Zn constitutes an orthonormal system if and only if
L(ξ) = 2−λ I2nd . (38)
Proof. Since W is a homogeneous weight function of order λ, this implies that
W (2ξ) = 2λW (ξ), a.e. ξ ∈ Rn, λ > 0.
For every k ∈ Zn and l ′, l ′′ ∈ Jn , we have
δl ′,l ′′δk,0 Id =
〈
(Ψl ′)0,k, (Ψl ′′)0,0
〉
W
= (2pi)−n
∫
Rn
Ψˆl ′(ξ)e−ikξ Ψˆl ′′(ξ)W (ξ) dξ.
Put ξ = 2η and Ψˆl(2η) = Ml(ξ)Φˆ(η), l = l ′, l ′′. Then
δl ′,l ′′δk,0 Id =
∫
Rn
e−ik2ηMl ′(η)Ψˆl ′(η)Ψˆ∗l ′′(η)M
∗
l ′′(η)W (2η) dµ(2η)
=
∑
k′∈Zn
∫
2Tn
e−ik2ηMl ′(η + k′pi)Ψˆl ′(η + k′pi)Ψˆ∗l ′′(η + k′pi)M∗l ′′(η + k′pi)W (2(η + k′pi)) dµ(2η).
Since Zn = 2Zn + R, put k′ = 2 j + ζ with k′, j ∈ Zn , ζ ∈ R. Then Ml , l ∈ Jn are 2piZn periodic and we get
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δl ′,l ′′δk,0 Id =
∑
j∈Zn
∑
η∈R
∫
2Tn
e−ik2ηMl ′(η + (2 j + ζ )pi)Φˆl ′(η + (2 j + ζ )pi)Φˆ∗l ′′(η + (2 j + ζ )pi)
×M∗l ′′(η + (2 j + ζ )pi)W (2(η + (2 j + ζ )pi)) dµ(2η)
=
∫
2Tn
e−ik2η
∑
η∈R
Ml ′(η + ζpi)M∗l ′′(η + ζpi)
∑
j∈Zn
Φˆl ′(η + (2 j + ζ )pi)Φˆ∗l ′′(η + (2 j + ζ )pi)
× 2λW ((η + (2 j + ζ )pi)) dµ(2η)
= 2λ
∫
2Tn
e−ik2η
∑
η∈R
Ml ′(η + ζpi)M∗l ′′(η + ζpi) dµ(2η)
= 2λ
∫
2Tn
e−ik2ηLl ′l ′′(2η) dµ(2η)
= 2λ
∫
Tn
e−ikξ Ll ′l ′′(ξ) dµ(ξ).
Hence
Ll ′l ′′(ξ) = 2−λ
∑
k∈Zn
δl ′,l ′′δk,0e
ikξ Id = 2−λδl ′,l ′′ ,
L(ξ) = 2−λ(Ll ′l ′′(ξ))(l ′l ′′)∈Jn×Jn = 2−λ(δl ′,l ′′ Id)(l ′l ′′)∈Jn×Jn = 2−λ I2nd . 
For Ml(ξ) defined by (37), denote
M˜l ′d ′(ξ) :=
(
(ml ′)(d ′′,d ′)(ξ + piαn,l ′′)
)
(d ′′,l ′′)∈D×Jn ∈ Mat(d × 2n; L2(Tn)),
for l ′ ∈ Jn , d ′ ∈ D, and denote
M˜(ξ) := (M˜l ′d ′(ξ))(l ′,d ′)∈Jn×D ∈ Mat (2n × d;Mat(d × 2n; L2(Tn))) .
The matrix M˜(ξ) is given by changing the order of the columns of the matrix (Ml ′(ξ + piαn,l ′′))(l ′,l ′′)∈Jn×Jn from the
lexicographically ordered set Jn × D to the lexicographically ordered set D × Jn . Then we have
M˜(ξ)M˜(ξ)∗ = L(2ξ). (39)
Proposition 6. The family of functions {Ψl}l∈Jn\{0} defined by the relations Ψ̂l(2ξ) = Ml(ξ)Φ̂(ξ), is a family of
wavelet functions if and only if
2λ/2M˜(ξ) ∈ U (2nd). (40)
Proof. By (39) and (40) is equivalent to (38). Since we assume the existence of a multiresolution analysis {V j } j∈Z, we
have that {Ψl}l∈Jn\{0} is a family of wavelet functions if and only if {(ψlδ) jk}l∈Jn ,δ∈D,k∈Zn is an orthonormal basis of
V j+1 for some (equivalently, for every) j ∈ Z. By Proposition 5, it is sufficient to show that {(ψlδ)(−1)k}l∈Jn ,δ∈D,k∈Zn
is a basis of V0 if and only if (40) holds.
First, assume that {(ψlδ)(−1)k}l∈Jn ,δ∈D,k∈Zn is a basis of V0. Then {(ψlδ)(−1)k}l∈Jn\{0},δ∈D,k∈Zn is a basis of W−1,
and (40) holds by Proposition 5.
Conversely, if (38) holds, then (Ml ′(ξ + piαn,l ′′))(l ′,l ′′)∈(Jn\{0})×Jn is full rank, because the matrix M˜(ξ) is given by
changing the order of the columns of the matrix (Ml ′(ξ + piαn,l ′′))(l ′,l ′′)∈Jn×Jn as stated above. Hence, by Lemma 2,
all the rows of this matrix form an orthonarmal basis of W˜−1, for almost all ξ ∈ Rn . Define
Ψ̂l(2ξ) := Ml(ξ)Φ̂(ξ), l ∈ Jn \ {0}.
Then, {(ψlδ)(−1)k}l∈Jn\{0},δ∈D,k∈Zn is an orthonormal basis of W−1. 
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The Fourier series expansion of m(ξ) ∈ L2(Tn) and its Fourier coefficients m̂(k) are defined by
m(ξ) =
∑
k∈Zn
m̂(k)eik·ξ , m̂(k) :=
∫
Tn
e−ik·ξm(ξ) dµ(ξ).
Put k = 2 j + η with k, j ∈ Zn and η ∈ R. Since Zn = 2Zn + R, then
m(ξ) =
∑
j∈Zn ,η∈R
m̂(2 j + η)ei(2 j+η)·ξ =
∑
η∈R
eiη·ξ
∑
j∈Zn
m̂(2 j + η)ei2 j ·ξ .
For (ml ′)(d ′,d ′′)(ξ) ∈ L2(Tn), l ′ ∈ Jn , d ′, d ′′ ∈ D, denote
(ml ′l ′′)(d ′,d ′′)(ξ) :=
∑
j∈Zn
(̂ml ′)(d ′,d ′′)(2 j + αn,l ′′)ei j ·ξ , l ′′ ∈ Jn .
Then,
(ml ′)(d ′,d ′′)(ξ) =
∑
l ′′∈Jn
eiαn,l′′ ·ξ (ml ′l ′′)(d ′,d ′′)(2ξ).
Since (ml ′l ′′)(d ′,d ′′)(ξ) are 2piZn periodic, we have, for η ∈ R,
(ml ′)(d ′,d ′′)(ξ + ηpi) =
∑
l ′′∈Jn
eiαn,l′′ ·(ξ+ηpi)(ml ′l ′′)(d ′,d ′′)(2ξ)
=
(
2n/2(ml ′l ′′)(d ′,d ′′)(2ξ)
)
l ′′∈Jn
((
2−n/2eiαn,l′′ ·(ξ+ηpi)
)
l ′′∈Jn
)T
. (41)
Let us use the following notation.
Notation 2. The matrix M˘(ξ) is given by changing the order of the rows of the matrix M˜(ξ) from the
lexicographically ordered set Jn × D to the lexicographically ordered set D × Jn .
M˘(d ′,d ′′) :=
(
(ml ′)(d ′,d ′′)(ξ + piαn,l ′′)
)
(l ′,l ′′)∈Jn×Jn ∈ Mat(2n × 2n; L2(Tn)),
M˘(ξ) :=
(
M˘(d ′,d ′′)
)
(d ′,d ′′)∈D×D ∈ Mat
(
d × d;Mat(2n × 2n; L2(Tn))
)
,
N(d ′,d ′′) :=
(
2n/2(ml ′l ′′)(d ′,d ′′)(ξ)
)
(l ′,l ′′)∈Jn×Jn
∈ Mat(2n × 2n; L2(Tn)),
N (ξ) := (N(d ′,d ′′))(d ′,d ′′)∈D×D ∈ Mat (d × d;Mat(2n × 2n; L2(Tn))) ,
U2n (ξ) :=
(
2−n/2eiη·(ξ+rpi)
)
(η,r)∈R×R ∈ U (2
n;C∞(Tn)),
U (ξ) := (U2nδd ′,d ′′)(d ′,d ′′)∈D×D ∈ U (2nd;C∞(Tn)).
Since (41) is represented as M˘(ξ) = N (2ξ)U (ξ), then 2λ/2M˜(ξ) is unitary when 2λ/2N (2ξ) is unitary. Hence, we
have the following corollary to Proposition 6.
Corollary 1. If 2λ/2N (ξ) ∈ U (2nd; L2(Tn)), then the family of functions {Ψl}l∈Jn\{0}, defined by the relations
Ψ̂l(2ξ) = Ml(ξ)Φ̂(ξ), is a family of wavelet functions.
Theorem 2. Let W be a homogeneous weight function of order λ. Let a multiresolution analysis {V j } j∈Z of
multiwavelets in HωW (R
n) be given. Then, there exists a family {Ψ}∈E of 2n − 1 wavelet functions Ψ :=
(ψ1, . . . , ψd)
T ∈ V d1 ,  ∈ E.
Proof. By Corollary 1, it suffices to construct 2λ/2N (ξ) ∈ U (2nd; L2(Tn)). Since a multiresolution analysis is given,
that is, 2λ/2M0(ξ) is given, then d rows
2λ/2{2n/2(m0l ′′)(d ′,d ′′)(ξ)}(d ′′,l ′′)∈D×Jn , d ′ ∈ D
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of 2λ/2N (ξ) are given, which is an orthonormal system inC2nd for almost all ξ ∈ Rn . We must construct the remaining
(2n − 1)d rows
2λ/2{2n/2(ml ′l ′′)(d ′,d ′′)(ξ)}(d ′′,l ′′)∈D×Jn , (d ′, l ′) ∈ D × Jn,
of 2λ/2N (ξ) so that 2λ/2N (ξ) ∈ U (2nd; L2(Tn)). Using the Gram–Schmidt orthonormalization for every ξ ∈ Tn , we
can construct 2λ/2N (ξ) ∈ U (2nd; L2(Tn)). This completes the proof. 
The following Example 2 with W (ξ) = 1 was given in [18]. It is closely related to the classical Hardy spaces
H2(R±) defined by
H2(R+) :=
{
f ∈ L2(R) ; fˆ (ξ) = 0 for a.a. ξ ≤ 0
}
,
H2(R−) :=
{
f ∈ L2(R) ; fˆ (ξ) = 0 for a.a. ξ ≥ 0
}
.
It is known that L2(R) = H2(R+) ⊕ H2(R−), where ⊕ denotes the orthogonal sum, and that every element
of H2(R±) can be continued analytically to the upper and lower half-planes H+ := {z ∈ C; =z > 0} and
H− := {z ∈ C; =z < 0}, respectively. Define
Pl f =
∑
j∈Z, k∈Z
〈 f, (ψl) jk〉 (ψl) jk, l = 1, 2,
for f ∈ L2(R). Then, P1 f and P2 f can be continued analytically to H− and H+, respectively.
Example 2. Let the multiwavelet function Ψ = [ψ1, ψ2]T be defined by its Fourier transform as follows:
ψˆ1(ξ) = χ(−4pi,−2pi)(ξ)/
√
W (ξ),
ψˆ2(ξ) = χ(2pi,4pi)(ξ)/
√
W (ξ).
By an argument similar to Example 1, we can show that {Ψ(x − k) : k ∈ Z} is orthonormal in HωW (R). Let us show
that this multiwavelet function Ψ = [ψ1, ψ2]T is associated with the multiscaling function Φ = [φ1, φ2]T given in
Example 1. Define M1(ξ) by the 2pi -periodic extension of[
2−λ/2χ(0,pi)(ξ) 0
0 2−λ/2χ(−pi,0)(ξ)
]
.
Then, it is easy to check that Ψ̂(2ξ) = M1(ξ)Φ(ξ). It is enough to show that
M˜(ξ) =
[
M0(ξ) M0(ξ + pi)
M1(ξ) M1(ξ + pi)
]
satisfies (40). Since M0(ξ + pi) = M1(ξ) by the 2pi -periodicity and M0(ξ)+ M0(ξ + pi) = 2−λ/2 Id , we have
M˜(ξ) =
[
M0(ξ) 2−λ/2 Id − M0(ξ)
2−λ/2 Id − M0(ξ) M0(ξ)
]
.
Hence, M0(ξ)M0(ξ)∗ = M0(ξ) implies (40).
In the next section, we will use this multiwavelet function for W (ξ) = |ξ |2α , 0 < α < 1. Denote the real and
imaginary parts of ψ1 and ψ2 by Rψ1, =ψ1 and Rψ2, =ψ2, respectively. By an easy calculation, we have
Rψ1(x) = Rψ2(x) = (2pi)−1
∫ 4pi
2pi
ξ−α cos xξdξ,
−=ψ1(x) = =ψ2(x) = (2pi)−1
∫ 4pi
2pi
ξ−α sin xξdξ.
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Fig. 1. The graph ofRψ2(x) in Example 2.
Fig. 2. The graph of =ψ2(x) in Example 2.
Mathematica gives
Rψ2(x) = i4pi ix {(−ix)
αΓ (1− α,−2ipix)− (ix)αΓ (1− α, 2ipix)
− (−ix)αΓ (1− α,−4ipix)+ (ix)αΓ (1− α, 4ipix)},
=ψ2(x) = 14pix {(−ix)
αΓ (1− α,−2ipix)+ (ix)αΓ (1− α, 2ipix)
− (−ix)αΓ (1− α,−4ipix)− (ix)αΓ (1− α, 4ipix)},
where Γ (a, z) is the incomplete gamma function defined by
Γ (a, z) =
∫ ∞
z
ta−1e−t dt.
In the case that α = 1/2, Mathematica gives
Rψ2(x) = 1√
2pix
{−FresnelC(2√x)+ FresnelC(2√2√x)},
=ψ2(x) = 1√
2pix
{−FresnelS(2√x)+ FresnelS(2√2√x)},
where FresnelC(z) and FresnelS(z) are the Fresnel integrals defined by
FresnelC(z) =
∫ z
0
cos(pi t2/2)dt,
FresnelS(z) =
∫ z
0
sin(pi t2/2)dt.
Mathematica produces the graphs of Rψ2(x) and =ψ2(x) for α = 1/2. The graphs of Rψ2(x) and =ψ2(x) are
illustrated in Figs. 1 and 2. 
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5. Multiwavelet expansion of Riesz potentials
Let α be a fixed parameter satisfying 0 < α < n. The function kα(x) = |x |α−n is called a Riesz kernel of order α
in Rn . The convolution of kα with a positive measure µ:
kα ∗ µ(x) =
∫
|x − y|α−n dµ(y)
is called the Riesz potential in Rn , and is denoted by Nαµ(x). Riesz potentials are related to several inverse problems
of mathematical physics and geometry.
Assume thatµ is absolutely continuous with respect to the Lebesgue measure. Then, there exists a locally integrable
density function f (x) such that dµ(x) = f (x) dx . We have the following Theorem 3.
Theorem 3. Assume that µ is absolutely continuous with respect to the Lebesgue measure and that its density function
f (x) has compact support. Let {(ψδ) jk(x) = 2nj/2ψδ(2 j x − k)}∈E,δ∈D, j∈Z,k∈Zn be an orthonormal basis of
HωW (R
n) with W (ξ) = |ξ |2α . Then, Nαµ ∈ HωW (Rn), and the multiwavelet expansion of Nαµ is represented as
Nαµ =
∑
∈E,δ∈D, j∈Z,k∈Zn
d,δ, jk2nj/2ψδ(2 j x − k), (42)
d,δ, jk = 2 j (α−n/2)(2pi)−n
∫
Rn
ei(k/2
j )ξ fˆ (ξ) ψ̂δ(ξ/2 j )
√
W (ξ/2 j ) dξ. (43)
Proof. The Fourier transform of kα is k̂α(ξ) = Cn,α|ξ |−α , where Cn,α is a constant depending only n and α and is
defined by
Cn,α = 2
αpin/2Γ (α/2)
Γ ((n − α)/2) .
Since the Fourier transform of Nαµ(x) is represented by
F[Nαµ](ξ) = F[kα ∗ f ](ξ) = Cn,α|ξ |−α fˆ (ξ),
this implies that Nαµ ∈ HωW (Rn) with W (ξ) = |ξ |2α . The coefficients d,δ, jk of (42) are given by
d,δ, jk = 〈Nαµ(x), 2nj/2ψδ(2 j x − k)〉W .
Then, the definition of the inner product of HωW (R
n) and Parseval’s identity imply
d,δ, jk = (2pi)−n
∫
Rn
fˆ (ξ) 2−nj/2ψ̂δ(ξ/2 j ) eikξ/2
j
2 jα
√
W (ξ/2 j ) dξ
= 2 j (α−n/2)(2pi)−n
∫
Rn
ei(k/2
j )ξ fˆ (ξ) ψ̂δ(ξ/2 j )
√
W (ξ/2 j ) dξ. 
The expression (43) of d,δ, jk shows that we can directly access the frequency information of the density function
f if ψ̂δ(ξ/2 j )
√
W (ξ/2 j ) is well localized in the frequency space.
Example 3. Let us use the multiwavelet function Ψ = [ψ1, ψ2]T given in Example 2. Then, the multiwavelet
expansion formula (42) is
Nαµ =
∑
j,k∈Z
d1, jk2 j/2ψ1(2 j x − k)+
∑
j,k∈Z
d2, jk2 j/2ψ2(2 j x − k),
where
d1, jk = 2 j (α−1/2)(2pi)−1
∫
R
ei(k/2
j )ξ fˆ (ξ)χ(−4pi,−2pi)(ξ/2 j ) dξ
= 2 j (α−1/2)(2pi)−1
∫
R
ei(k/2
j )ξ fˆ (ξ) χ(−4·2 jpi,−2·2 jpi)(ξ) dξ,
d2, jk = 2 j (α−1/2)(2pi)−1
∫
R
ei(k/2
j )ξ fˆ (ξ) χ(2·2 jpi,4·2 jpi)(ξ) dξ.
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Now, let us assume that α = 1/2 and f (x) = χ(−1,1)(x). Then, the Fourier transform of f is fˆ (ξ) = (2 sin ξ)/ξ .
Mathematica gives
d1, jk = i2pi
{
Ei(2i(2 j − k)pi)− Ei(4i(2 j − k)pi)− Ei(−2i(2 j + k)pi)+ Ei(−4i(2 j + k)pi)
}
,
d2, jk = − i2pi
{
Ei(−2i(2 j − k)pi)− Ei(−4i(2 j − k)pi)− Ei(2i(2 j + k)pi)+ Ei(4i(2 j + k)pi)
}
,
where Ei(z) is the exponential integral function defined by
Ei(z) = −
∫ ∞
z
et/t dt.
Mathematica can compute these coefficients numerically. For example, the list of d1,(2,k), k = −2, −1, 0, 1, 2 is
{0.00830798+0.000640299i, 0.00670573+0.000209196i, 0.00629819, 0.00670573−0.000209196i, 0.00830798−
0.000640299i}. 
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